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Minimum Norm Least-Squares Wavelet Filtering for
Incomplete Geophysical Time Series
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Abstract—Geophysical time series derived from remote sensing
and ground-based observations contain rich signals reflecting
diverse Earth processes. Wavelet filtering is widely employed
to extract these signals from noisy datasets. However, due to
many factors, geophysical time series inevitably contain missing
data, complicating the direct use of wavelet filtering without
prior interpolation. The extended wavelet filtering (EWF) method
(Ji et al., 2024) addresses this by linking residuals (signals) to
missing data and estimating signals by minimizing the quadratic
norm of residuals across both observed epochs and missing
epochs. However, EWF is suboptimal for filtering observed
data, as residual estimates for missing epochs are less reliable,
particularly in time series with consecutive data gaps. This
study proposes a new approach, minimum norm least-squares
(LS) wavelet filtering (MWF), for processing gappy time series.
MWF offers two main advantages over EWF: 1) it filters
incomplete time series more effectively through optimal temporal
filtering by minimizing the quadratic norm of residuals only for
observed epochs. This can avoid disturbances in filtering caused
by distorted residuals at missing epochs in EWF. To address
the rank deficiency in the parametric model, an additional
constraint is applied to minimize the L2-norm of unknown
parameters (missing data), ensuring a unique solution and 2)
it provides a more concise and effective way to consider prior
precision information of the time series by incorporating it into
the cost function, without the need for iterative normalization
required by the EWF method. We apply the proposed method to
extract deformation signals from daily position time series of 27
Global Navigation Satellite System (GNSS) permanent stations
in Chinese mainland and compare the results with the EWF
method. Results show that MWF outperforms EWF in signal
extraction, as indicated by smaller fitting errors and higher
signal-to-noise ratios (SNRs). Additional simulations confirm that
MWEF yields signals closer to the true signals regardless of gap
sizes, noise characteristics (pure white or colored noise), and gap
distributions (uniform or consecutive).

Index Terms—Geophysical time series, missing data, signal
extraction, wavelet filtering.

I. INTRODUCTION

EOPHYSICAL time series are sequential datasets
Gcollected through continuous observation of various
physical quantities across different parts of the Earth system.
These include measurements such as seismic waves, electro-
magnetic field variations, geomagnetic changes, and Global
Navigation Satellite System (GNSS) displacements [1], [2],
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[3], [4], [5]- This type of data is valuable for studying the
Earth’s internal structure and properties, and for understand-
ing natural phenomena like polar glacier melting [6], [7],
terrestrial water storage variations [8], [9], [10], [11], snow
depth inversion [12], [13], [14], crustal deformation [15],
[16], postglacial rebound [17], [18], and sea-level changes
[19], [20]. Geophysical time series carry rich signals linked
to many geophysical processes. For instance, the horizontal
components of GNSS displacements often reveal long-term
trends related to tectonic motion [21]. The vertical components
typically show seasonal variations caused by environmental
loadings [22], [23]. However, these signals are often affected
by noise. This includes time-correlated noise at individual
stations and spatially correlated noise across multiple stations
[24], [25], [26], [27], [28], [29], [30].

Several filtering methods have been developed to extract
or remove components within specific frequency bands. Ini-
tially, geophysicists employed the Fourier transform (FT) to
construct low-, high-, or even-bandpass filtering. However,
the FT is only suitable for stationary time series, while most
geophysical data exhibit nonstationary behavior [31], [32]. The
short-time FT (STFT), introduced by Gabor [33], partially
overcomes this limitation by using a sliding window. How-
ever, it still struggles to capture signals with multiresolution
or rapid variations due to the fixed window size. In the
1980s, researchers developed new mathematical techniques
for analyzing time-series data in both the time and frequency
domains. Among these, wavelet analysis became a key tool
for time—frequency analysis of nonstationary time series, due
to its multiscale analysis and computational efficiency. As a
result, wavelet analysis gained widespread recognition and use
in the scientific community. Although this study focuses on
wavelet filtering, we would like to note that there are other
analytical methods to model seasonal signals, including frac-
tional Brownian motion (fBm) [34], fractional auto-regressive
integrated moving average (FARIMA) model [15], fractional
sinusoidal waveform process (fSWp) [35], empirical mode
decomposition [26], singular spectrum analysis (SSA) [29],
[36], [37], machine learning-based methods [38], Wiener filter
[16], Kalman filter [39], weighted nuclear norm minimization
(WNNM) [40], truncated nuclear norm regularization (TNNR)
[41], and low-rank Hankel completion [42].

Wavelet analysis was originated in geophysics, with
Morlet et al. [43], [44] using it for seismic signal analy-
sis. It was later generalized by Grossmann and Morlet [45]
and Goupillaud et al. [46], laying the foundation for the
continuous wavelet transform (CWT). The discrete wavelet
transform (DWT) was then developed and further refined
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by Daubechies [47], Mallat [48], [49], and Heil and Walnut
[50]. Inspired by the pyramid algorithm in image processing,
Mallat [48] proposed the multiresolution analysis (MRA).
He demonstrated that time series could be decomposed at
different scales and accurately reconstructed using a pair of
conjugate mirror digital filters. Using MRA, a time series can
be decomposed into the time—frequency domain at a given
scale, producing several levels of detail coefficients and a level
of approximation coefficient via multilevel DWT. The time
series can then be filtered by reconstructing it via multilevel
inverse DWT (IDWT) using modified coefficients (e.g., setting
some coefficients to zero). This method is known as wavelet
filtering. Due to its many attractive properties, wavelet anal-
ysis has been widely used in various fields, particularly for
analyzing geophysical time series like GNSS displacements
[1], [51], [52], magnetotelluric data [53], and hyperspectral
and multispectral images [54], [55], [56], [57].

However, wavelet analysis requires evenly spaced time
series without missing data, which is often not true for
geophysical time series due to equipment failure or outlier
removal [3], [4]. These gaps pose significant challenges for
signal analysis and noise estimation, which are the two main
tasks for geophysical time-series analysis [1], [58], [59], [60],
[61]. Traditional methods for handling missing data usually
involve filling gaps with interpolation, but this approach works
only for short gaps and is not appropriate for large, consecutive
data gaps. Furthermore, interpolation will introduce marked
distortions in the spectral peaks, particularly if the time series
is nonstationary [62]. An alternative is to improve existing
methods to analyze incomplete time series without interpola-
tion. These methods include improved or modified empirical
orthogonal function (EOF)-based techniques with a focus on
solving an optimization problem in the frequency domain [37],
[58], [59], [63] or spatiotemporal domain [29], [30]. For the
wavelet community, various efforts have addressed the chal-
lenges of analyzing incomplete time series, including wavelet
variance analysis [64], weighted wavelet Z transform (WWZT)
[65], and least-squares wavelet analysis (LSWA) [66], [67],
[68], [69], [70]. LSWA extends least-squares spectrum analysis
(LSSA) from the frequency domain to the time—frequency
domain and has demonstrated improved performance over
WWZT in detecting time—frequency features in unevenly
spaced time series. LSWA achieves excellent performance by
applying an appropriate window technique to compute the
least-squares wavelet spectrum.

Although LSWA can also estimate signals through win-
dowed least-squares fitting, it differs from conventional
wavelet filtering (CWF) based on Mallat’s pyramid algorithm,
which uses DWT and IDWT. For practical implementation and
theoretical background, refer to [1], [71], and [72]. To the best
of authors’ knowledge, seldom research has been conducted
to improve CWF for processing incomplete time series. This
study focuses on improving CWF to enable the direct analysis
of incomplete data.

Recently, Ji et al. [1] proposed an extended wavelet fil-
tering (EWF) method to directly process time series with
missing data based on the LS criterion. The core of the
EWF method is to construct a linear equation for the missing
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data parameters using available observed data and solve it
by minimizing the quadratic norm of residuals from both
observed and missing epochs. Although the EWF method
outperforms traditional wavelet filtering with interpolation, it
is suboptimal for filtering observed data, especially for time
series with consecutive data gaps, where the residual estimates
at missing epochs are less reliable and may even distort the
results. Additionally, the method’s weighting schemes are not
rigorous. The first scheme, which whitens the time series
through an iterative process, and the second, which assigns
weights to nonexistent observations at missing epochs, both
have significant drawbacks.

To address these limitations, we propose a novel approach
called minimum norm LS wavelet filtering (MWF), which
directly filters gappy time series by minimizing the quadratic
norm of residuals only at observed epochs. While the para-
metric model constructed by this modified criterion is rank
deficient, MWF introduces an additional minimum norm con-
straint to unknown parameters to ensure a unique solution.
Unlike EWF, which includes residual constraints for missing
epochs, our MWF method allows more effective filtering of
observed data without being disturbed by the unstable resid-
uals at missing epochs. Additionally, since the cost function
in the MWF method only minimizes residuals for observed
epochs, the prior covariance matrix of the time series can be
naturally incorporated without the need for iterative normaliza-
tion as in the EWF method. The rest of this article is organized
as follows. Section II describes the proposed methodology,
Sections IIT and IV evaluate the proposed method by com-
paring it with the EWF and other methods using real GNSS
position time series and synthetic data, and Section V presents
the conclusions.

II. METHODOLOGY
A. Mapping From Time Series to Signals

Let x = (x1,X2,...,x5)" represent a noisy time series of
length N. Using MRA, the original time series x can be
decomposed into several detail components d;(1 < i < J) at
different scales and the approximation component a;

J
XZZdi+a]
i=1

where J < [log, N] is the decomposition level, with [-] denot-
ing the floor function (rounding down to the nearest integer).
According to [48] and [73], d; represents the detailed com-
ponent of x within the frequency band [1/(27'Ar), 1/(2/A1)],
and a; represents the approximation of x within the frequency
band [0, 1/(2/+'Ar)], where At is the sampling interval. The
components d; and a; can be obtained using Mallat’s pyramid
algorithm by applying the multilevel DWT and IDWT. The
flowchart of the DWT and IDWT is shown in Appendix A.
For further details, refer to [1] and [71].

Previous studies have shown that d; and a; are essentially
the linear transformation of x [1]. Given that most of the
signals are contained in the first few components, we can
reconstruct x using

(D

J
s = Z di+a;=Ax
i=r+1

2
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where r is the reconstruction level and A is the projection
matrix with the elements solely depend on the low (high)-
pass filters associated with a chosen mother wavelet. The
projection matrix A can be constructed directly by dissecting
the multileve]l DWT and IDWT procedures. However, this
approach has high time and space complexity [1]. Based on
the linear projection from x to s, we can construct A efficiently
in an indirect way

A=Aly=(TG) T TGv) 3

where i is the kth column vector of the N x N identity matrix
Iy, and T(-) is the operator for filtering a time series with
the specified r using the Mallat pyramid algorithm based on
multilevel DWT and IDWT. The flowchart of obtaining matrix
A is shown in Appendix B.

There is no rigorous criterion for selecting the reconstruc-
tion level r that is suitable for all cases. For daily GNSS
position time series, the sampling period Ar = 1 day =
1/365.25 year ~ 0.0027 year year since 1/365 € (1/2°,1/2%
and 1/182 e (1/28,1/27); annual and semiannual oscillations
are included in dg and d7, respectively. These annual and
semiannual oscillations dominate the seasonal variation in
GNSS position time series [72], [74], so we reconstruct x by
summarizing ag + dg + d;, with r set to 6. In this case, the
signals have a frequency band [0, 1/(2Af)]year™!. It should
be noted that the extracted signals ag + dg + d7 may not
fully reflect all periodic signals in GNSS position time series,
as there may exist other smaller periodic oscillations [75].
However, identifying all potential periodic signals is beyond
the scope of this study. This study focuses on developing the
MWF method and comparing it with the EWF method, using
the same reconstruction level.

B. Filtering Time Series With Missing Data

By subtracting s from x, we obtain the residuals
e=x-s=Uy-A)x=Bx @)

with B = Iy — A. Let S and S represent the index sets of
observed and missing data in x, respectively. The observed
and missing data in x are then denoted as x; = {x; | i € §} and
x> = {x; | i € S}, respectively.

Focusing on the observed parts of s in (2) and e in (4), we
obtain

s1=Ax; + Axx; )
e; = Bix; + Box; (6)

where 51 = {s;|i€ S} and e; = {e; | i € S}. The matrices A| =
{aijli,jeS}and Ay ={a;;|i€S§,j€ S} are the submatrices
of A, with g;; is the element in the ith row and jth column of
A. Similarly, By = {b;j |i,j€ S} and B, ={b;j|i€S,j€ S}
are the submatrices of B, with b;; being the element in the ith
row and jth column of B. The sizes of A; and B; are Ny X
Ns, and the sizes of A, and B, are Ng X N, respectively,
with Ny and Ny representing the lengths of S and S.

To guarantee optimal filtering of observed data, the missing
data x, in (6) can be estimated with the LS criterion

N . 2 . T
Xp = argmin ||e1||INY = argmin e, e, @)
X2 : X2
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where ||'||é = ()TQ(") means the L2-norm operator. Based on
the criterion (7), the following normal equation is obtained:

- (B}B:) x, = By,. (8)

Here, y, = B;x;. However, the rank of the coefficient matrix
B; is no greater than N, i.e., Rank(B;) < N, where Rank(-)
is the operator to compute the rank of a matrix. In most cases,
B, is rank-deficient; specifically, as mathematically proven in
Appendix C, when the percentage of missing data exceeds
50%, B, becomes rank-deficient. For cases where the per-
centage of missing data is below 50%, while a mathematical
proof of whether B, is rank-deficient or full column rank is
unavailable, extensive numerical experiments (also detailed in
Appendix C) have shown that B, achieves full column rank
only when the missing rate is extremely low, such as 1%.
In most other scenarios, B, remains rank-deficient, with the
degree of rank deficiency increasing as the missing rate rises.
Therefore, there is no guarantee that (8) has a unique solution.
To ensure a unique solution, we introduce an additional

constraint
min: [lxyll7, = min:x;xo. 9)

To solve the optimization problem in (9), we construct the

following target function:
@ (x2,4) = x3 x5 + 24" (Bly, + Bl Box») (10)

where A is an Ng x 1 vector of Lagrange multipliers. Using
the Euler-Lagrange theorem, we have

%g—;bz:x2+B§B2/l=0 (11)
%% =B}y, + B} Byx; = 0. (12)
From (11), we find
x, = -BIB>A. (13)
Substituting (13) into (12), we obtain
By, - B, BB, B,A = 0. (14)

Since Rank(B]B,B]B,) = Rank(B,), the matrix Bl B,B)B,
is rank-deficient. Thus, we can acquire
A= (BIB,BiB,)" Bly, (15)

where “+” represents the Moore—Penrose inverse. Substituting
(15) into (13) and considering the basic property of the
Moore—Penrose inverse, we obtain

+
x =-B}B, (B}B,B}B,) " B}y,
= - (B1B,)" By,
= _B;yl'

(16)

When B, is full column rank, (16) degenerates into the
LS solution x, = —(BYB,)"'Bly,. This shows that the LS
solution also satisfies the minimum norm property. Therefore,
the minimum norm constraint (9) we added is general and
applicable to all cases of Rank(B;). Finally, by substituting
(16) into (5), we obtain

s1 = (A1 — A2BY By) x;. (17)
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If the prior precision for the time series is available, it
should be incorporated to improve filtering performance. Let X
represent the variance—covariance matrix of x;. We start with
decomposing X as ¥ = LLT, where L is a lower triangular
matrix. In this case, (6) can be rewritten as

(18)

where ¢, = L 'e;,y, = L™'y,, and B, = L™'B,. It is easy
to prove that e; is homogeneous, meaning that D(e;) = Iy,
where D(-) denotes the dispersion operator. Similarly, using
the weighted LS criterion in the following equation:

E] = il + EzXz

min: ||@1||%NS = min: ||e1||§_, = min:eTZ_lel (19)
we can derive the normal equation
- (B1B:) v = By, 20)
With the minimum norm constraint from (9), we have
#=-B,, @1
51 = (A1 - AQEjBI) X1 (22)

where B; = L' B;.
Specifically, for GNSS position time series, only the square
roots of the diagonal elements of X, known as the formal errors
o, are available. In this case, L is a diagonal matrix with the
formal errors as its diagonal elements.
The Moore—Penrose inverse of B, is computed using the
singular value decomposition (SVD) (assuming Ns > Ny)
Ng
Bz = UAVT = Z/l,»u,»viT

i=1

(23)

where U is an Ng X Ny matrix with U'U = Iy and u; is
its ith column vector; A is an Ny X Ny diagonal matrix with
singular values 4;, sorted in descending order; and V is an
N3 x Ny orthogonal matrix, satisfying Vvl = vy = Iy,.
When B, is rank-deficient, the number of rank deficiencies is
N, = Ny — Rank(B;). This means the last N, singular values
are zero. The Moore—Penrose inverse of B is then expressed

as
Rank(B5)

B;r = VATU" = Z —vul.

PRy 24)

i=1
However, determining Rank(B5) is theoretically nearly impos-
sible. Moreover, due to numerical errors, the smaller singular
values approach zero but are rarely exactly zero. To address
this, a common method is to use a tolerance (tor) to dis-
tinguish between nonzero and zero singular values. Singular
values smaller than tor are treated as zero. This study adopts
MATLAB’s built-in default tor, employed in its “rank” and
“pinv” functions for computing the rank and Moore—Penrose
inverse of a matrix

tor = max (Ns, Ng) x pllog2(n)]-52 (25)

where max(a, b) returns the larger of a and b. Based on this
criterion, Rank(B;) = max({i | 4; > tor}). For the case of
Ns < Ny, we first compute (Bg)+ using (23)—(25) and then
compute its transpose. A detailed flowchart of the proposed
MWF method is presented in Appendix D.
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C. Merits of the MWF Method Relative to the EWF Method
Focusing on the components at the missing epochs in

(2)—(4), we have
52 = Asx; + Asxr

e = B3x1 + B4JC2.

(26)
27)

Here, Ay = {a;j|i€S,jeS}and Ay ={a;; |i€S,jeS)
are the submatrices of A, with sizes Ny x Ng and Ny X
Ny, respectively. Similarly, B3 = {b;; | i € S, j € S} and
B, =1{bj|ic §,j € S} are the submatrices of B with the
same sizes.

In the EWF method [1], the missing data x, are estimated

as

Xy = argminelTel +e§e2 =- (CECQ)_I (CECUC]) .
X2

(28)

The corresponding filtered signals of the observed data x; are

5; = (Al — Ay (CrCy)”! Cgcl) X1 (29)

Here, Ci = {b;; | 1 <i<N,jeStand C, = {b;; | 1 <i <
N,je S} are the submatrices of B with sizes N x Ng and N
x Ny, respectively. Actually, Cy consists of By and B3, while
C, consists of B, and By.

From (28), it is evident that the EWF method minimizes
residuals at both observed and missing epochs. This additional
constraint addresses the rank-deficiency issue of minimizing
elTel. However, the residual e, does not correspond to actual
observations, as no data is observed at the missing epochs.
Additionally, as shown in Section III, the filtered signals for
missing epochs (s;) are less reliable than those for observed
epochs (s;), particularly for time series with consecutive
missing data. As a result, the term ele, in (28) is not only
unnecessary for filtering the observed data x;, but may also
degrade the results. In contrast, the proposed MWF method
focuses solely on filtering observed data [see (7) or (9) and
(19)], avoiding interference from unstable residuals at missing
epochs.

Additionally, the MWF method offers a simpler and more
effective way to incorporate prior precision of the time series
compared to the EWF method. Ji et al. [1] propose two weight-
ing schemes [considering only the formal errors o-?(i € Sl

1) Iteratively homogenizing the time series: x| = s+ Pjey,

where P is a diagonal matrix with elements o /o-,-z(i €
S) and o = (NS/ZieS 1/0'1-2)1/2. While effective for
processing heterogeneous data, this scheme is not a
direct solution and may change the reconstruction level
during iteration. It is also time-consuming.
Directly assigning weights to both observed and miss-
ing epochs in the cost function: min: e] Pie; + e)e.
However, this approach raises concerns about assigning
weights to nonexistent observations.

2)

The MWF method naturally incorporates the prior covari-
ance matrix into the cost function [see (19)]. Its weighting
scheme surpasses that of the EWF method, as it avoids iterative
homogenization and the need to assign weights to missing
epochs. A detailed comparison between the weighted MWF
and weighted EWF methods is presented in Section III.
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Fig. 2. (Top) Vertical position time series and (bottom) associated formal
errors of BJFS and SHAO stations.

III. EXPERIMENTAL ANALYSIS
A. Data Description

To assess the performance of the proposed method, we
select the vertical position time series of 27 stations from
1999 to 2019 located in mainland China. Fig. 1 presents the
time series and data availability as well as the percentage of
missing data. Outliers within the time series are identified
using the three times interquartile range (IQR) criterion and
subsequently eliminated. In addition, time series with formal
errors greater than 20 mm are regarded as outliers. Offsets in
time series are detected and repaired using the sigseg tool and
manual visual inspection [76].

B. Real Time-Series Analysis

We follow previous studies [1], [51], [77] by employing the
Coiflet wavelet with five vanishing moments (Coiflet-5) as the
mother wavelet, due to its superior properties including near
symmetric and excellent sampling approximation of smooth
functions. We first take BJFS and SHAO stations’ position
time series as examples for illustration. Fig. 2 presents the
vertical position time series of the two stations (top row) and
the associated formal errors (bottom row). To visualize the
time series at different scales, we first fill the data gaps with
zeros, and then decompose the time series with J = 8. Fig. 3
presents the reconstructed components and the corresponding
power spectra for BJFS and SHAO examples. It is clear that
ag represent the nonlinear trend, and dg and d; represent
the annual and semiannual signals, respectively, which is
consistent with the theoretical analysis.

Fig. 4(a) and (b) displays the singular values of the coeffi-
cient matrix B, and the tor computed using (25) for the BJFS
and SHAO examples. It is clear that Rank(B;) = 119 < Ng =
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Fig. 3. (Left) Reconstructed components and (right) their power spectral for
the BJFS and SHAO examples.
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454 for BJFS and Rank(B,) = 124 < Ny = 1560, indicating
rank deficiency. The degree of rank deficiency, calculated as
(Ns — Rank(B;))/Ns x 100% is 73.8% for BJFS and 92.1%
for SHAO. Fig. 4(c) and (d) displays the singular values of C,
and the tor, showing that C, is full column rank. This indicates
that the additional constraint ele, introduced by the EWF
method can address the rank deficiency of minimizing only
efel although it is not theoretically optimal. Fig. 5(a) and (b)
shows the signals extracted by the EWF and MWF methods,
and their differences are shown in Fig. 5(c) and (d). The results
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(b) Extracted signals. (c) and (d) Raw data and the residuals after subtracting
signals.

demonstrate that both methods effectively capture the seasonal
variations in the time series, with minimal differences between
the two signals except at the endpoints.

Since the two signals are hard to distinguish in the time
domain, we calculate the power spectra of the extracted signals
using the Lomb-Scargle algorithm [78], [79], as shown in
Fig. 6(a) and (b). The results indicate that the power of the
signals extracted by the MWF method is higher than that of
the EWF method, especially for annual oscillations. We also
calculate the power spectra of the raw time series and the
residuals after subtracting the extracted signals, as shown in
Fig. 6(c) and (d). The results reveal a significant reduction in
the power of low-frequency components within the frequency
band [0,1/(27 x Af)] year™!, indicating effective filtering.
Moreover, the residual power for the MWF method is much
lower than that for the EWF method, showing that the MWF
method extracts more signals.

We process the remaining 26 stations using both the MWF
and EWF methods. Fig. 7(a) shows the rank of B, and the
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Fig. 7. (a) Rank of B, and the number of unknowns Ns. (b) Degree of rank
deficiency and percentage of missing data.

number of unknowns (also the column number of B;), and
Fig. 7(b) shows the degree of rank deficiency and percent-
age of missing data. For most stations, the degree of rank
deficiency exceeds 50%, and it appears to have a positive
correlation with the missing rate. For stations with higher
missing data rates, particularly those with constructive missing
data, such as SHAO, TASH, YONG, and ZHNZ, the degree of
rank deficiency exceeds 90%. This means that when estimating
X, less than 10% of the valid components in B, effectively
contribute to parameter estimation, while the rest are treated
as disturbances and discarded.

To quantitatively compare the two approaches, we calculate
the fitting errors of the extracted signals using (30) and the
signal-to-noise ratio (SNR) using (31)

1 2
o= — Xi — Si 30
A ZS< ) (30)
DI INEETOS (1)
€S €S

Table I presents the fitting errors and SNRs for 27 stations
using both methods. The results show that the MWF method
produces smaller fitting errors and higher SNRs compared to
the EWF method at all stations, indicating that it extracts
more signals. We also apply the weighted EWF and MWF
methods by considering the formal errors. Since Ji et al. [1]
demonstrated that the iterative weighting scheme (the first
scheme) outperforms the direct weighting in the cost function
(the second scheme) for the EWF method, we only compare
the weighted MWF method with the weighted EWF method
using the iterative weighting scheme. Considering the formal
errors, we calculate the weighted fitting errors of the extracted
signals using (32) and the SNR values using (33)

o= | LTy (32)
NS ieS O—iz
h=y st [ % (3 5,1 (33)
ieS l ieS 0'52
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TABLE I

FITTING ERRORS AND SNR VALUES OF 27 STATIONS. EWF (W) AND MWF (W)
MEAN-WEIGHTED EWF AND MWF METHODS

Fitting errors (mm) SNR values
EWF MWF  EWF(W) MWFW) EWF MWF  EWF(W) MWFW)
BJFS 3.7809  3.7724 3.1765 3.1665 2.6442  2.6636 3.7389 3.7686
BJSH 3.8925  3.8800 3.6693 3.6561 1.3529  1.3686 1.5177 1.5356
CHUN 44708  4.4243 4.3169 4.2706 2.6710  2.7519  2.8501 2.9366
DLHA 25170  2.5110 2.0517 2.0472 3.2208  3.2425  4.8430 4.8703
DXIN 3.0091  2.9853 2.8618 2.8470 1.6530  1.6967 1.8263 1.8678
GUAN  6.2061  6.1837 5.0544 5.0298 1.6248  1.6433 2.4516 2.4731
HLAR  4.2854  4.2598 4.1591 4.1293 8.2937  8.4102 8.7776 8.9195
HRBN  4.0483  4.0169 3.8873 3.8548 1.2923  1.3332 1.3978 1.4426
JIXN 3.5946  3.5811 3.3759 3.3634 1.8772  1.9020 2.1238 2.1503
KMIN  5.1143  5.1020 4.9842 4.9653 3.6307  3.6489 3.8187 3.8485
LHAS 3.7676  3.7409 3.5885 3.5617 2.8530  2.9089 3.1405 3.2039
LUZH  4.0104  4.0087 3.8757 3.8735 1.5390  1.5412 1.6454 1.6476
QION 6.5916  6.5524 6.1570 6.1278 0.7646  0.7864 0.8738 0.8978
SHAO  4.1974  4.1730 3.4553 3.4289 1.9766  2.0145 2.9049 2.9671
Sury 49185  4.8839 4.5865 4.5594 2.8701  2.9302 3.2947 3.3532
TAIN 44996  4.4799 4.1776 4.1612 1.7660  1.7909  2.0434 2.0700
TASH 3.7344  3.7084 3.4789 3.4501 1.8494  1.8884  2.1291 2.1795
URUM  4.2346  4.1344 4.1561 3.9613 3.1763  3.3886 3.2787 3.6709
WUHN 47053  4.6903 4.1515 4.1380 3.2529  3.2798  4.1676 4.2001
WUSH  3.8083  3.7855 3.6147 3.5969 24307 24735  2.6955 2.7362
XIAA 42456  4.2214 4.0461 4.0227 24773 25129  2.7212 2.7608
XIAG 6.6232  6.6086 6.1680 6.1541 1.8216  1.8331 2.0942 2.1073
XIAM 54390 5.3792 5.1410 5.0735 0.8095  0.8494 0.9030 0.9520
XNIN 2.8771  2.8674 2.7443 2.7366 3.3324  3.3633 3.6585 3.6893
YANC  3.0947  3.0822 2.6084 2.6024 2.1085  2.1342 2.9641 2.9897
YONG 6.8743  6.7688 6.6899 6.5736 1.7379  1.8259 1.8322 1.9334
ZHNZ  4.1716  4.1656 3.9167 3.9091 3.1086  3.1230 3.4985 3.5186

The results, shown in Table I, indicate that considering formal
errors effectively reduces the fitting errors and increases the
SNR values for both two methods. However, the weighted
MWF method still outperforms the weighted EWF method,
which coincides with the theoretical analysis in Section II-C.

C. Synthetic Time-Series Analysis

To further demonstrate the performance of the proposed
method, we conduct simulation experiments. In each simula-
tion, the signals extracted from real data are regarded as true
signals 5. We then generate random noise e and add it to §
to obtain a noisy time series. Since true signals are available
in simulations, we can directly compute the root-mean-square
errors (RMSEs) of the extracted signals using the following

equation:
1
RMSE = [— (5 -5)%
| &

The locations of missing data are inherited from the real data.
Initially, the noise is assumed to be normally distributed with

(34)

zero mean and variance 62, where & is computed with (30).
To assess the statistical performance, we repeat the simulations
50 times. Fig. 8 presents the RMSE values of the signals
extracted by the two approaches for 50 simulations. The results
clearly demonstrate that the signals extracted by the MWF
method are closer to the simulated true signals compared to
the EWF method for all 27 stations. We also compute the
relative improvement with the following equation:

_ RMSEgwr — RMSEywr
RMSEgwr

where RMSEgwr and RMSE\wr represent the average RMSE
values for EWF and MWE, respectively. The results are shown
in the unweighted case panel of Table II, with a maximum
improvement is 39.2% in the URUM station and a mean
of 12.8%.

To compare the MWF and EWF methods under heteroge-
neous data, we simulate noise with zero mean and a diagonal
variance matrix with the formal errors inherited from the
real data. Since the comparison between the EWF and MWF

Impl x 100%

(35)
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Fig. 8. RMSE values of signals extracted by the EWF and MWF methods across 50 simulations at 27 stations.

methods remains the same as the unweighted case, we do
not present it for the weighted case. Fig. 9 shows the RMSE
values for the unweighted EWF and weighted EWF methods,
and Fig. 10 shows the RMSE values for the unweighted
MWF and weighted MWF methods. The results indicate
that the performance of both the EWF and MWF methods
improves when considering formal errors. To quantify these
improvements, we calculate the relative improvements with
the following equations:

_ RMSEgwr — RMSEwgwr

Imp2 WE x 100% (36)
RMSEgwr
RMSEywr — RMSE
Imp3 = MWE WMWE » 100%  (37)
RMSEuwr

where RMSEwgwr and RMSEwmwr represent the average
RMSE values for the weighted EWF and weighted MWF
methods, respectively. The results are shown in the weighted
case panel of Table II. It is clear that the weighting scheme
proposed for the MWF method is superior to the one in the
EWF method, which aligns with the theoretical analysis in
Section II-C. Finally, we present a comparison of the weighted
EWF and weighted MWF methods in Fig. 11, and compute
the relative improvement

RMSEwewr — RMSEwMmwr
RMSEwEwe

The results show that the MWF method still outperforms the

EWF method, even when formal errors are considered.

To investigate how the percentage of missing data affects
signal extraction, we conduct repeated simulations with

x 100%.

Imp4 = (38)

varying percentages of missing data, ranging from 10% to
60% in increments of 10%. Missing epochs are determined
using two distribution types: uniform and consecutive dis-
tributions. For uniform missing data, we use the MATLAB
built-in function “randi” to randomly select missing epochs.
For consecutive missing data, we start from the 2000th epoch
and generate a continuous set of integers based on the specified
missing percentage to represent the missing epochs. Figs. 12
and 13 show the RMSE values of the extracted signals for
different percentages of missing data under both distribution
types. The results indicate that the MWF method consistently
outperforms the EWF method, regardless of whether the gaps
are uniformly or consecutively distributed. Table III provides
the average RMSE values across 50 simulations.

As the percentage of missing data increases, the relative
improvement of the MWF method over the EWF method
decreases for the case of uniform data gaps but increases for
the case of consecutive data gaps. To explore this difference,
we conduct a simulation with 20% missing data, using both
uniform and consecutive gaps. Fig. 14 shows the comparison
of the simulated true signals with the extracted signals at
observed and missing epochs. The results indicate that the
extracted signals at observed epochs are very close to the
true signals for both gap distribution types, suggesting that
filtering works well, even with consecutive data gaps. How-
ever, for missing epochs, the extracted signals are acceptable
for uniform data gaps but highly unreliable for consecutive
gaps. Recalling that the core criterion of the EWF method
depends on stable residual estimates at both observed and
missing epochs [see (19)]. In contrast, our MWF method only
considers minimizing the residuals at the observed epochs,
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TABLE 11

AVERAGE RMSE VALUES OF EWF AND MWF METHODS FOR THE UNWEIGHTED AND WEIGHTED
CASES AND SEVERAL RELATIVE IMPROVEMENTS

Unweighted case Weighted case
EWF MWF Impl EWF MWF EWFW) MWFMW) Imp2 Imp3 Imp4
(mm)  (mm) (%) (mm) (mm) (mm) (mm) () (%) (%)
BJFS  0.5319 0.4987 6.2 0.7032 0.6855 0.6862 0.6505 24 5.1 5.2
BIJSH 0.5728 0.5137 103 0.8718 0.8429  0.8318 0.7916 4.6 6.1 4.8
CHUN  0.8401 0.5828 30.6 1.3743 1.26 1.3509 1.2245 1.7 2.8 9.4
DLHA 03589 03325 7.4 0.6131 0.6146 0.6089 0.6080 0.7 1.1 0.1
DXIN  0.525 04206 19.9 1.0689 1.0571 1.0535 1.0371 1.4 1.9 1.6
GUAN 0.9282 0.8457 89 1.6357 1.6009 1.6118 1.5551 1.5 2.9 35
HLAR 0.7033 0.5725 18.6 1.135 1.0749  1.1049 1.0312 2.7 4.1 6.7
HRBN 0.5766 0.5211 9.6 09137 0.8915 0.8902 0.855 2.6 4.1 4
JIXN  0.5217 04616 11.5 0.8967 0.8714 0.8616 0.8298 3.9 4.8 3.7
KMIN  0.697 0.6827 2.1 1.7369 1.747 1.7305 1.7231 0.4 14 0.4
LHAS 0.6214 0.5164 169 1.1163 1.0958  1.0962 1.0714 1.8 2.2 2.3
LUZH 0.5248 0.5206 0.8 1.1059 1.123 1.0803 1.0977 2.3 2.3 -1.6
QION 09714 0.8742 10 1.6763 1.6923  1.6350 1.6244 2.5 4 0.6
SHAO 0.7286 0.6013 17.5 1.1129 1.0421 1.0882 0.9892 2.2 5.1 9.1
SUIY  0.8331 0.6756 18.9 1.1194 1.0195 1.1116 0.9914 0.7 2.8 10.8
TAIN 0.653 0.5929 9.2 1.1697 1.1652 1.121 1.1083 4.2 4.9 1.1
TASH 0.6377 0.5785 9.3  1.2253 1.21 1.2096 1.1857 1.3 2 2
URUM 09387 0.5706 39.2 1.0169 0.6997 0.9951 0.6590 2.1 5.8 33.8
WUHN 0.6654 0.6256 6 0.9022 0.882 0.8745 0.8403 31 4.7 3.9
WUSH 0.5989 0493 17.7 1.144 1.1191 1.1288 1.101 1.3 1.6 2.5
XIAA 0.6678 0.5667 15.1 1.0129 0.9723  0.9847 0.9413 2.8 3.2 4.4
XIAG 08812 0.8787 0.3 13497 1.3656 1.3076 1.32 31 33 -0.9
XIAM 0996 0.7083 289 1.5272 1.4084 1.5029 1.3704 1.6 2.7 8.8
XNIN 04302 03762 12.6 0.814 0.8092 0.7973 0.7893 2.1 2.5 1
YANC 04626 0.3985 13.9 0.7157 0.6884 0.7115 0.6852 0.6 0.5 3.7
YONG 1.4788 14592 1.3 3.6793 3.6153 3.655 3.5666 0.7 1.3 2.4
ZHNZ 0.6184 0.601 2.8 1.0773 1.0853  1.0207 1.0148 5.3 6.5 0.6

which remain stable even with consecutive missing data. As
a result, the advantage of the MWF method over the EWF
method becomes more apparent as the percentage of missing
data increases for consecutive gaps.

For the case of uniform data gaps, surrounding observations
anchor the gaps, making the second constraint term eje; in
(19) more reliable than in the case of constructive gaps. This
acts as an effective constraint to address the rank deficiency
of the model established with the criterion min:e?el, which
is similar to, but distinct from, the minimum norm constraint
of x, used in the MWF method. Even with a high missing
rate (e.g., 60%), the extracted signals at missing epochs
remain reliable, as shown in Fig. 15, with RMSE values for
both observed and missing epochs provided. Therefore, the
improvement of the MWF method over the EWF method
decreases as the percentage of missing data increases for uni-
form data gaps. Nevertheless, the signal estimates at observed
epochs are always more reliable than those at missing epochs

(see the RMSE values labeled on the chart), which passes
down to the residuals and partly explains the superiority of
the MWF method over the EWF method. Additionally, Fig. 14
shows that for the case of uniform gaps, the MWF method
reduces the bias at the endpoints of the time series compared
to the EWF method. For the case of consecutive gaps, the
MWF method reduces the bias at the endpoints of those gaps.

To further compare EWF and MWF, we adopted the sim-
ulation strategy of Klos et al. [72], which is based on the
trajectory model. Specifically, 500 synthetic gap-free time
series of length N days were generated. Each simulation was
composed of pure flicker noise (spectral index x of —1) with
amplitudes of o mm/year’?, to which annual and semian-
nual signals with amplitudes A; and A, mm were added. To
mimic time-varying seasonality, the amplitudes of the seasonal
signals were allowed to vary with standard deviations of 6, and
6, mm for the annual and semiannual components, respec-
tively. The parameter oy was determined from real estimates
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Fig. 9. RMSE values of signals extracted by the EWF and weighted EWF methods across 50 simulations at 27 stations.
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Fig. 10. RMSE values of signals extracted by the MWF and weighted MWF methods across 50 simulations at 27 stations.

(rounded down) at the BJFS and SHAO stations by assuming Hector software [25]. The value of N was taken as the full
a white noise (WN) plus power-law noise (PLN) model using length of the BJFS and SHAO records, while the parameters
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Fig. 12. RMSE values of signals extracted by the EWF and MWF meth-
ods across 50 simulations with varying percentages of missing data under
uniformly distributed data gaps.

of the annual and semiannual signals were determined from
segmented time-series analyses (see [72] for details). We note
that real GNSS position time series contain abundant periodic
signals in addition to the annual and semiannual terms, such
as draconitic and Chandler components and their harmonics
[80]. In this study, however, the simulations only include
the dominant annual and semiannual signals, which can be
effectively captured by wavelet methods, in order to compare
EWF and MWF.

Indices of simulations Indices of simulations

Fig. 13. RMSE values of signals extracted by the EWF and MWF meth-
ods across 50 simulations with varying percentages of missing data under
consecutively distributed data.

Data gaps were then introduced by removing points accord-
ing to the actual missing epochs in the BJFS and SHAO
observations. Since the true signals were known, we directly
computed the RMSEs of the signals estimated by the two
methods. Table IV shows the mean RMSE values from 500
simulations, showing that MWF yields estimates closer to the
true signals than EWF. After extracting seasonal signals using
EWF and MWEF, these components were removed from the
synthetic series. The residuals were subsequently analyzed
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TABLE III

AVERAGE RMSE VALUES OF THE TwO METHODS WITH VARYING
PERCENTAGES OF MISSING DATA (MP) UNDER UNIFORM AND CON-

SECUTIVE DATA GAPS

Uniform data gaps Constructive data gaps

MP EWF  MWF Imp EWF  MWF Imp

10% 0.5387 0.5111 5.12% 0.5414 0.5414 0

20% 0.5666 0.5423 4.29% 0.5654 0.5546 1.91%
30% 0.6081 0.5878 3.34% 0.5809 0.5677 2.27%
40% 0.6571 0.6354 3.30% 0.5852 0.5727 2.14%
50% 0.7051 0.6946 1.49% 0.6102 0.5930 2.82%
60% 0.7853 0.7764 1.13% 0.6357 0.6161 3.08%
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Fig. 14. Comparison of the simulated true signals and extracted signals at
available and missing epochs under different distributions of data gaps.

with maximum likelihood estimation (MLE), assuming a WN
plus PLN model, to estimate noise parameters (o and «) and
trend uncertainty (TU). Table IV further lists the mean values
of the estimated noise components, spectral index, and TU.
The results indicate that the noise parameters obtained with
MWF are more consistent with the true values than those
from EWEF.

IV. DISCUSSION

To further demonstrate the effectiveness of the proposed

MWF method, we compare it with several alternative methods,
including the following.

1) Iterative wavelet filtering (IWF), which performs CWF
iteratively, filling the data gaps with values from missing
epochs in the filtered signals from the previous iteration.
The iteration stops when the threshold max(JAs|) <
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Fig. 15. Comparison of the simulated true signals and signals extracted by
the EWF method with varying percentages of missing data.
TABLE IV

MEAN TU, SPECTRAL INDEX k, NOISE AMPLITUDE 0y, AND
RMSE VALUES FROM 500 SIMULATIONS

BIFS A, = 48,0, = 14,4, = 1.4,0, = 0.8, N = 7022

EWF MWF Actual
TU (mm/year) 0.171 0.176 0.209
K -0.94 -0.95 -1.00
o(mm/year /%) 10.29 10.37 11.00
RMSE (mm) 1.78 1.56 /
SHAO A, =3.7,0,=22,4,=15,0,=0.9,N = 7082
EWF MWF Actual
TU (mm/year) 0.145 0.153 0.188
K -0.92 -0.94 -1.00
o(mm/year /%) 9.17 9.26 10.00
RMSE (mm) 1.65 1.28 /

0.001 mm is reached, where As represents the difference
between adjacent solutions.

2) CWF with the missing data filled using the extended
SSA (ESSA) method [29] based on the optimal low-
rank approximation in the temporal domain.

3) CWF with the missing data filled by the extended
principal component analysis (EPCA) method [30] based
on the optimal low-rank approximation in the spatiotem-
poral domain.

Table V presents the fitting errors of the signals extracted
by different approaches and the SNR values for 27 stations,
computed with (30) and (31). The results demonstrate that
our MWF method also outperforms the IWF and CWF using
interpolations. To further evaluate the performance of the

Authorized licensed use limited to: Tsinghua University. Downloaded on April 03,2026 at 03:20:46 UTC from IEEE Xplore. Restrictions apply.



JI et al.: MINIMUM NORM LS WAVELET FILTERING FOR INCOMPLETE GEOPHYSICAL TIME SERIES

5925019

TABLE V

FITTING ERRORS AND SNR VALUES OF 27 STATIONS CWF (ESSA) AND CWF (EPCA) MEANS CWF METHOD
USING ESSA AND EPCA INTERPOLATIONS

Fitting errors (mm) SNR values

MWF IWF CWF(ESSA) CWF(EPCA) LSFF MWF IWF CWEF(ESSA) CWF(EPCA) LSFF
BJFS 3.7724  3.7810 3.7825 3.8060 3.7954  2.6636  2.6443 2.6299 2.4296 2.6193
BJSH 3.8800  3.8926 3.8926 3.9035 3.8856  1.3686  1.3530 1.3499 1.2508 1.3618
CHUN  4.4243  4.4709 44714 4.5137 44643 27519  2.6706 2.6578 2.3175 2.6851
DLHA 25110 2.5170 2.5185 2.5523 2.5823  3.2425  3.2210 3.1979 2.8684 3.0092
DXIN 2.9853  3.0096 3.0113 3.0522 3.0417  1.6967 1.6519 1.6363 1.4135 1.5976
GUAN  6.1837  6.2061 6.2132 6.3333 6.1793  1.6433  1.6250 1.6098 1.3268 1.6471
HLAR  4.2598  4.2872 4.2948 4.4403 42985  8.4102 8.2876 8.2513 7.4122 8.2415
HRBN  4.0169  4.0490 4.0502 4.0747 4.0581 1.3332 1.2914 1.2884 1.1644 1.2861
JIXN 3.5811  3.5949 3.5948 3.606 3.5930  1.9020 1.8772 1.8741 1.7467 1.8827
KMIN 51020 5.1143 5.1161 5.2515 5.1703  3.6489  3.6310 3.6171 3.101 3.5269
LHAS  3.7409  3.7682 3.7768 4.0374 3.7727  2.9089  2.8508 2.8318 2.3164 2.8432
LUZH  4.0087 4.0104 4.0105 4.0232 40312 1.5412  1.5390 1.5368 1.4537 1.5130
QION 6.5524  6.5917 6.5926 6.636 6.5994  0.7864  0.7646 0.7613 0.6602 0.7611
SHAO  4.1730 4.2144 42184 4.2828 4.1775  2.0145  1.9523 1.9440 1.7412 2.0080
SUIY 4.8839 49281 49320 4.9669 49187 29302 2.8560 2.8468 2.7096 2.8748
TAIN 4.4799  4.4997 4.5014 4.5368 45037  1.7909  1.7655 1.7658 1.512 1.7616
TASH  3.7084  3.7597 3.7658 3.8532 3.7335 1.8884  1.8090 1.7946 1.533 1.8496
URUM  4.1344  4.2346 4.2371 4.4462 42179  3.3886  3.1758 3.1528 2.5492 3.2164
WUHN  4.6903  4.7053 4.7056 4.7374 47152  3.2798  3.2525 3.2464 2.969 3.2347
WUSH  3.7855  3.8085 3.8094 3.8326 3.9344  2.4735 24301 24161 2.229 2.2155
XIAA 4.2214  4.2457 4.2468 4.2965 43186 2.5129 24774 2.4674 2.1694 2.3566
XIAG 6.6086  6.6232 6.6235 6.6749 6.6915  1.8331 1.8217 1.8149 1.6516 1.7634
XIAM 53792 54393 5.4427 5.4747 5.4409 0.8494  0.8096 0.7984 0.7348 0.8076
XNIN 2.8674  2.8771 2.8775 2.897 29079  3.3633  3.3324 3.3294 3.0983 3.2426
YANC  3.0822  3.0948 3.0948 3.1276 3.1143  2.1342  2.1085 2.1014 1.8336 2.0699
YONG  6.7688  6.9552 6.9844 8.1475 6.7274  1.8259  1.6748 1.6124 0.5483 1.8608
ZHNZ  4.1656 4.1742 4.1802 4.2563 4.1990 3.1230 3.1018 3.0882 2.6659 3.0576

, [=mwF—IwF 0;WF(ESSA>\ across 50 simulations. The results demonstrate that the signals

’ extracted by our MWF method are closer to the simulated true

15 WJW/\J\/\’W 0.6 W signals thar}; the other two methods. We also compare MWF

with the recently proposed LS Fourier filtering (LSFF) [81],
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Fig. 16. RMSE values of the extracted signals by MWEF, IWF, and CWF with
ESSA interpolations.

proposed method, we conduct repeated simulations based on
the stations with the top six highest missing data proportions:
YONG, TASH, SHAO, ZHNZ, LHAS, and DXIN. Fig. 16
shows the RMSE:s of the signals extracted by different methods

which adopts a similar minimum weighted norm optimization
framework as MWF, but in the frequency domain using
trigonometric basis functions instead of wavelets. The fitting
errors and SNR values for LSFF, also shown in Table V,
confirm that MWF outperforms LSFF. This improvement is
mainly attributed to: 1) the superior time—frequency localiza-
tion properties of wavelet functions compared to trigonometric
functions and 2) the updated minimum weighted norm least-
squares criterion in MWE, which is applied only to available
epochs, unlike LSFF, which applies the criterion to both
available and missing epochs.

We would like to clarify that the superiority of the proposed
MWF over EWF remains unchanged as the employed mother
wavelet. We performed additional experiments to examine
how different mother wavelets affect filtering performance.
Specifically, we compared the proposed MWF and conven-
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TABLE VI
FITTING ERRORS OF SIGNALS EXTRACTED BY EWF AND MWF, AND SNR VALUES USING DB6 WAVELETS

Fitting errors (mm) SNR values
EWF MWF EWF(W) MWFW EWF MWF  EWF(W) MWFW)

BJFS 3.7853  3.7792 3.1795 3.1758 2.6377  2.6504 3.7302 3.7404
BJSH 3.8748  3.8635 3.6608 3.6508 1.3782  1.3888 1.5398 1.5504
CHUN 44193 43775 4.2546 4.2003 2.7598  2.8327 2.9636 3.0607
DLHA  2.5474  2.5435 2.0595 2.0582 3.1139 3.126 4.7603 4.77
DXIN 29866  2.9718 2.8383 2.8287 1.6909  1.7212 1.8709 1.8979
GUAN  6.1809  6.1571 5.0253 5.0008 1.6512  1.6662 2.499 2.5134
HLAR  4.2701  4.2657 4.1383 4.1342 8.3638  8.3842 8.8773 8.8968
HRBN  4.0385  4.0218 3.8839 3.8649 1.3137  1.3276 1.4158 1.4329
JIXN 3.5825  3.5756 3.3701 3.3648 1.8998 1.911 2.1401 2.1507
KMIN 52248 52179 5.0916 5.0808 34395  3.4445 3.6158 3.6261
LHAS 3.8007  3.7731 3.6136 3.5855 2.7907  2.8424 3.0795 3.1388
LUZH  4.0231 4.0196 3.8964 3.8928 1.5201 1.5274 1.6179 1.6257
QION 6.6274 6.604 6.2024 6.1857 0.746 0.7586 0.8483 0.8609
SHAO 4.237 4.2177 3.5172 3.5055 1.9241 1.951 2.7813 2.8106
SUTY 49156  4.9043 4.5941 4.5872 2.8805  2.8975 3.2873 3.3011
TAIN 45069  4.4971 4.1951 4.1859 1.7604  1.7697 2.0254 2.0357
TASH 3.7929 3.773 3.5258 3.5113 1.7596  1.7903 2.0345 2.0647
URUM 42194  4.2029 4.1207 4.1093 32183  3.2466 3.3593 3.3761
WUHN  4.6822  4.6722 4.1383 4.1285 3.2935  3.3131 4.1951 4.211
WUSH 3.891 3.8866 3.6601 3.6562 22906  2.2951 2.5838 2.5886
XIAA 42981  4.2801 4.1118 4.0936 23986  2.4172 2.614 2.636
XIAG 6.64 6.6264 6.1917 6.1781 1.8055  1.8179 2.0694 2.0839
XIAM 543 5.3977 5.1354 5.0912 0.8135  0.8367 0.906 0.9367
XNIN 29266  2.9169 2.7915 2.7846 3.1908  3.2165 3.5021 3.5243
YANC 3.1139  3.1052 2.6233 2.6206 2.0717 2.088 2.9153 2.9263
YONG 6.7897  6.7114 6.6129 6.5206 1.8064  1.8744 1.9025 1.9841
ZHNZ 4.18 4.1745 3.9239 3.9188 3.0845  3.1054 3.4673 3.4893

tional EWF methods using two other commonly used wavelets:
Daubechies-6 (db6) and discrete Meyer wavelet (dmey). The
fitting errors and SNR values for 27 stations are reported in
Tables VI and VII. The results confirm that MWF consistently
extracts more signal than EWEF, regardless of the chosen
mother wavelet.

We also compare the computational efficiency of differ-
ent methods. To ensure robust statistics, each experiment is
repeated 50 times, and the average computation time across 27
stations was calculated, as shown in Fig. 17. The computation
time is measured using MATLAB’s built-in tic and toc func-
tions. All computations were performed in MATLAB 2017 on
a Windows 10 system with a 12th Gen Intel' Core? i7-12700
2.10-GHz processor and 32 GB of RAM. The results indicate
that MWF and EWF have comparable computation times, both
slightly higher than that of IWF. This is expected, as MWF
and EWF require solving inverse problems, whereas IWF

IRegistered trademark.
2Trademarked.

relies solely on forward modeling. Nevertheless, all methods
demonstrate acceptable computation times. For most stations
with time series longer than 20 years, MWF completes in less
than 10 s.

V. CONCLUSION

A novel method called the MWF method is developed to
extract signals from gappy geophysical time series without the
need for interpolation. The proposed method is an improved
version of our previous work, the EWF method, with a key
difference in the core criterion used for filtering observed
data. Specifically, we establish an equation with unknown
parameters for the missing data and estimate the signals by
minimizing the quadratic norm of residuals across only the
observed epochs. This contrasts with EWF, which minimizes
residuals across both observed and missing epochs. Since
the equation is rank-deficient, we introduce an additional
constraint to minimize the L2-norm of the parameters. Thanks
to this modified criterion, compared to the EWF method, the
MWF method not only filters observed data more effectively
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TABLE VII
FITTING ERRORS OF SIGNALS EXTRACTED BY EWF AND MWF, AND SNR VALUES USING DMEY WAVELETS

Fitting errors (mm) SNR values

EWF MWF  EWF(W) MWFMW) EWF MWF  EWF(W) MWFW)
BJFS 3.7818 3.761 3.177 3.1644 2.6458  2.6858 3.7398 3.7837

BJSH 3.8729  3.8452 3.6574 3.6339 1.3764  1.4117 1.5385 1.5775
CHUN 44235 43477 4.2619 4.1697 2.7485  2.8854 2.9449 3.1163
DLHA 25417  2.5193 2.0546 2.0488 3.1353  3.2121 4.7911 4.8481
DXIN 2.9967  2.9529 2.8486 2.8154 1.6667  1.7561 1.8443 1.9304
GUAN  6.1553  6.0963 5.0225 4.9733 1.6662  1.7196 2.4973 2.5698
HLAR 42908  4.2199 4.159 4.101 8.279 8.5891 8.7832 9.1074
HRBN  4.0368 3.976 3.8801 3.8122 1.3083  1.3815 1.4124 1.4951
JIXN 3.5902  3.5534 3.3776 3.3508 1.8854  1.9473 2.1251 2.1929
KMIN 5.1751 5.119 5.042 4.9806 3.5156  3.6179 3.697 3.8319
LHAS 3.784 3.7224 3.6055 3.5585 2.8182  2.9479 3.098 3.2282
LUZH  4.0072  3.9792 3.8814 3.8567 1.5415 1.579 1.6404 1.6775
QION 6.5953  6.5313 6.1618 6.1153 0.762 0.798 0.8699 0.9082
SHAO  4.1799  4.1197 3.4293 3.3894 2.0036  2.0931 2.9631 3.0827
SUIY 49026  4.8395 4.5845 4.541 2.9006  3.0026 3.3107 3.4034
TAIN 4.4995  4.4652 4.1864 4.1514 1.7657  1.8094 2.0327 2.0841
TASH 3.7529  3.6301 3.4927 3.3847 1.8161  2.0143 2.0952 2.3209
URUM  4.1958  4.0885 4.0903 3.9093 3.2693  3.4876 3.4096 3.7916
WUHN  4.6838  4.6339 4.1371 4.0643 3.2882  3.3846 4.1945 43771
WUSH  3.8669  3.8251 3.6459 3.6095 2.3268 2.402 2.6113 2.6924
XIAA 42805  4.1422 4.0895 3.9512 24173  2.6486 2.6415 29161
XIAG 6.6347  6.5658 6.1822 6.1072 1.8096  1.8702 2.0772 2.1536
XIAM 5.4284  5.3068 5.1288 5.0234 0.8158  0.9002 0.9107 1.0063
XNIN 29132  2.8732 2.7795 2.753 3.2278  3.3457 3.5401 3.6488
YANC 3.0984  3.0774 2.6155 2.6091 2.0981 2.144 2.9401 2.9795
YONG  6.7705  6.5057 6.6008 6.3531 1.8252 2.059 1.9181 2.1699
ZHNZ  4.1805  4.1328 3.9209 3.8704 3.0904  3.1887 3.4791 3.604

but also provides a more concise way to incorporate a prior 10—
covariance matrix of the observed data during filtering, if avail- g
able. The effectiveness of the proposed method is validated g 10!
using both real and synthetic time-series data. Results show <
that the MWF method outperforms the EWF, IWF, and CWF g 100
methods using interpolations in filtering observed data. E
Despite these advantages, several limitations remain as £ ol
follows. £
: 1l
1) The proposed MWF method does not directly handle 107 Pz <z r AR ZON P M ZE €U ZUUN
; : B : Eoom <</ INC S ZuSTnu<< o772
time series containing offsets or abrupt jumps. Therefore, ;gsg n8é§"§53 & aﬁﬁgggxxﬁxégﬁ

appropriate preprocessing steps such as outlier detec-

tion/removal and jump detection/correction are required. Fig. 17.
2) The current framework is specifically designed for pro-

cessing a single incomplete time series.

3) The time complexity of the proposed MWF method To add hese limitafi lan the followine f
is higher than that of CWF, which is the tradeoff for © address these limitations, we plan the following future

Computation time of different methods.

achieving higher filtering accuracy. work.
4) Due to the wavelet filtering structure, MWF may retain 1) Developing a robust version of MWF that is capable of
more noise in the filtered signal compared to SSA. handling outliers and jumps, for example, by replacing
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Algorithm 1 DWT

Algorithm 3 Obtaining Projection Matrix A

Input: low-pass decomposition filter & € RE
high-pass decomposition filter g € R”
approximation coefficient v;_; € RVi-!

Output: approximation coefficient v; € RVi
detail coefficient w; € RVi

Note: (N; = [(Nj-1 +L-1)/2])
Begin
1) extending v;-; as ¥ € RM-H2ED with: §,; =
Vj-1,L—is 1<i<L
ViclLi—L+1> L<i<N;+L
V12N +L-i> Nj;l +L< l'SNjfl +2(L-1)

2) convolve #;_; with h and g to generate c; and c,:
L

Chi = D peq Vimlgrimt ML 1-k

Coi = D tmt Vjmlkti-18L+1-k (1 Si<Nj +L- 1)
3) downsampling

vii=cnai(i=1,2,...,N))

Wji = Cei (i = 1,2,...,Nj)

End

Algorithm 2 IDWT

Input: approximation coefficient v; € RV
detail coefficient w; € Ri
low-pass reconstruction filter # € RY
high-pass reconstruction filter g € RF

Output: reconstructed coefficient v;_; € RVi-!

Note: Nj_; = 2N; —2L+2,kmin = max (i — L + 1, 1), kmax =
min (i,2N;)
Begin

1) upsampling v; and w; to generate v} € R?i and w} € R¥Wi
oo 0, i=1,3,...,2N; -1
e Vj,i/Z, i=2,4,...,2Nj
0, i =1,3,...,2N; - 1

w} = ' /

! w,,/z, i=24 ,2N;
2) convolve vl and w with i and g to generate &;,&, €

RZN +L-1
kmax
Chl - Zk kmin ]k l k+1
~ kmax
Cei = 2ik=kmin j,kgl—k-H
3) truncation
Vieti = Cnivr1 + Coii (1 i< Njy)
End

the L2-norm minimization with an L1-norm-based for-
mulation.

2) Extending the MWF framework to multivariate and spa-
tiotemporal settings by applying 2-D DWT and IDWT.

3) Exploring more efficient algorithms to solve the inverse
problem more rapidly, particularly for large-scale appli-
cations.

4) Combine MWF with complementary signal decom-
position or denoising techniques, such as SSA, to
reduce residual noise and improve overall reconstruction
quality.

Input:
low-pass and high-pass filters: h, g, h, g € RL
length of time series N
decomposition level J and reconstruction level r
Output:
projection matrix A € RV*V
Begin
for j =1to N do
Vo = i j
fork=1to J
obtaing v; and wy with v;_; using Algorithm 1
end
Finally, we obtain w;(1 <k < J) and v,
setting w; = 0(1 <i <vr)
fork=Jtol
reconstructing v;_; with v, wy using Algorithm 2
end
fill the jth column of A with v

end
End
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Fig. 18. Degree of rank deficiency under different percentages of missing
data.

APPENDIX A

Algorithm 1 shows the flowchart for the single-level DWT,
which consists of three steps.

1) Extend v;_; to reduce border distortion. Here, we employ
the symmetric padding mode, which is the default exten-
sion mode implemented in MATLAB. One can also use
other modes, such as zero-padding and periodic padding.
See [82] for details.

2) Convolve the extended time series ¥;_; with the given
decomposition filters k& and g to obtain ¢, and c,.

3) Downsample ¢, and ¢, to obtain v; and w;. Algorithm
2 shows the flowchart for the single-level IDWT, which
also consists of three steps: 1) upsample v; and w;; 2)
convolve the upsampled results with the given recon-
struction filters & and g; and 3) truncate the convolved
results to obtain v;_;.
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Algorithm 4 MWF Approach

Input:
incomplete time series x; € RV
its covariance matrix ¥ € R¥s*Ns (optional)
index sets of missing epochs S € RVs
selected mother wavelet
decomposition level J and reconstruction level r
Output:
filtered signals s; € RV
Begin
obtain projection matrix A via Algorithm 3
compute B=Iy — A
obtain A, A, By, B; by subdividing A and B
compute y; = Bx;
if X is available then
decompose ¥ as ¥ = LL”
update B, with L™'B, and y, with L™y,
end
decompose B, as B, = UAV! = Z,N; Nyl
determine » = Rank(B,) = max({i | \; > tor})
with tor computed with Eq. (25);
compute BY =Y 1_, 1/ \vul
compute signals with §; = (Al —AZB;Bl)xl
End

APPENDIX B

Algorithm 3 shows the flowchart for constructing matrix
A using the Mallat pyramid algorithm. This process relies on
multilevel DWT and IDWT, which involve repeatedly applying
Algorithms 1 and 2.

APPENDIX C

Noting that B, = FC,, where F is a projection matrix with
size Ny X N, playing the role of transforming the complete
time series to the observed data. The entries of F are given
by

L j=850
= C1
fi 0, others €D
where S(i) is the ith element of the index set of observed
epochs S.
Since B, has size Ny X N, its rank satisfies

Rank (B,) < min (Ns, Ny) . (C2)

If Ny > Ng, then

Rank (B,) < Ng < Ng. (C3)

This means that when percentage of missing data exceeds
50%, B is column rank-deficient. For the case where Ng<Njg,
i.e., the percentage of missing data does not exceed 50%, we
have

Rank (B;) < Ng. (4

It is challenging to determine whether equality holds, as this
depends on the overlap between the row space of F and the
column space of C,. The rank of a matrix represents the
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number of dimensions preserved in a linear mapping between
the input and the output spaces. F essentially represents an
isomorphism between a subspace R™ in the input space RV
and a subspace R"s in the output space R"s, and then, we have
Rank(F) = Dim(RM) = Dim(R"s) = Ny, where Dim(-) repre-
sents the operator to measure the dimension of a real space;
similarly, C; essentially represents an isomorphism between a
subspace RYs in the input space R"s and a subspace R and
RY; thus, we have Rank(C,) = Dim(R") = Dim(R") = Ns.

When dealing with the composite mapping FC,, the space
RY acts as a “bridge” for information transfer. Ideally, this
bridge facilitates the greatest overlap between R™ and R
(i.e., RM < RM or R < RM). This ensures that the
information stored in R™ by C, can be further transmitted
through RM by F. In this ideal case, the rank of FC, is
maximized: Rank(FC,) = min(Ns, N5). However, if there are
dimensions in R™ and RM that “do not overlap,” the bridge
R¥ inevitably loses some information, causing FC, to be rank-
deficient.

Clearly, if Nz > Ns, then Dim(R") > Dim(R™), indicating
that RV and R cannot fully overlap, leading to a rank
deficiency in FC,. Only when Ng < Ng do, RV and R™ have
the potential to overlap. The smaller the Nz, the higher the
likelihood that Ng. In this case, FC, achieves full rank, i.e.,
Rank(FC;) = min(Ns, Ny) = Ng. This scenario is more likely
when the percentage of missing data is low. For example,
if only one epoch is missing (Ng = 1), based on (C4), we
conclude that Rank(B,) < 1 = 1, indicating that B, is full
column rank. To illustrate this, we design the experiments.
Fig. 18 presents the degree of rank deficiency under different
percentages of missing data: 1%, 2%, 5%, 10%, 20%, 30%,
40%, and 50%. For each scenario, the experiments are repeated
500 times. The results show that B, achieves full column rank
only when the missing rate is relatively very low, such as 1%.
In other cases, B, is rank-deficient, and the degree of rank
deficiency increases as the missing rate rises.

APPENDIX D

Algorithm 4 gives the flowchart of the proposed MWF
method.
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